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ABSTRACT 

We start from the quantum Miura transformation [7] for the W-algebra associated 
with GL(n) group and find an evident formula for quantum L-operator as well as 
for the action of W; currents (1=1, ..,n) on elements of the completely degenerated n- 
dimensional representation. Quantum formulae are obtained through the deformation 
of the pseudodiffcrcntial symbols. This deformation is independent of n and preserves 
Adler's trace. Our main instrument of the proof is the notation of pseudodifferential 
symbol with right action which has no counterpart in classical theory. 

1. Introduction 

W-algebras origionally introduced by Zamolodchikov [1] as a generalization of the 
Virasoro algebra in context of two-dimensional Conformal Field Theory [4] turned out 
to be extremely interesting object. In the past few years considerable progress has 
been made in an understanding of the deep structures underlying these algebras (see for 
example refs. [2,5-15]) as well as its classical limits [17-20,24,25]. 

In this work we want to consider an aspect of the W-algebras (associated with gen- 
eral linear group) which seem to have been overlooked in the literature. In spite of the 
number of results reffering to the W^-algebras with an arbitrary n several principal 
questions still remain to be answered. It is well-known that classical H^-algebras asso- 
ciated with general linear group are isomorphic to the Poisson algebras of functionals 
on the manifold of the linear differential operators (with second Gel'fand-Dikii bracket, 
as Poisson bracket) [3]. Other W-algebras (WA n , WB n , WC n ,WD n ) can be con- 
sidered as certain reductions of M^Gi-algebra [16]. This representation in terms of 
(pseudo)differcntial operators is very usefull. However, at first glance it would seem that 
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classical theory loses many of its attractive features under quantization . The reason is 
the lack of any suitable for work formulae for L-operator, Lie brackets of the generators 
etc. 

Developing the work by Lukyanov and Fateev [6] we show that there is exist simple 
deformation of (pseudo)differential operators which reproduces formulae for quantum 
Miura transformation, L-opcrator and the action of W-algebra on some invariant opera- 
tors (from the kernel of L-operator). We hope that in the case of W^-algcbras associated 
with other then G-L-group [8] the similar formulae still exist. 

The paper is organized as follows. In sect. 2 wc review some necessary facts from 
classical theory and derive an explicit formula for W n algebra action on the Bloch's 
solutions of the equation 

n 

L*(jc) = Q2 WiWd"-')*^) = 0. (1.1) 
»=i 

Our calculation of well-known formula (2.7) in terms of Darboux variables admit simple 
quantum generalization. In sect. 3 we disscuss the main difficulties appeared in the 
quantum case and give the direct calculation of the quantum Wi (I — 2, 3, 4) currents 
action on the highest weight operator F\ —'. Cxp((^i ) : of the n-dimensional completely 
degenerated representation of WGL n . We represent explicite formulae for quantum L- 
operator for n = 2, 3, 4 cases. In sect. 4 we introduce the formalism of right derivations 
and bi-pseudodiffcrcntial operators. Quantum Miura transformation is considered then 
as the equality of two bi-diffcrential operators. We propose some deformation of the 
(pseudo)differential operators Y and L preserving Adler's trace of the product YL. In 
sect. 5 we give general proof for an arbitrary 71 that such deformations of the differential 
operators correspond to the quantum W n -a\gebras. Wc work essentially with highest 
weight operator but all formulae are valid for any of the n invariant operators obtained 
by the action of screening operators on F\ such as laters represent nilpotcnt part of 
quantum group U q (gl(n)) which commutes with an current algebra [11,12]. 

We finally remark that some of the results of this paper were published (without 
proof) in [23]. 

2. CLASSICAL CASE. 

Let us consider ll r GL(n)-invariant classical 2D field theory on the circle. Introduce 
scalar fields (Darboux variables) <p b with expansion 

2m *—f im 

X = exp(i(j);(T G [(To, (To + 2w];b = 1,. . . , n and Poisson brackets: 

{cf> a (x),<j> b (y)} = nisign(x - y)6 ab 
{al,al} = n5 m+nfi S bc AQ a ,P b } = ^S a \{q a ,a b m } = {p a ,a b m }^0 . (2.2) 
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Then classical W^-currents are expressed via Miura transformation which for the groups 
G = GL(n),(SL(n)) has the form [3,16]: 

n n 

L(x) = d n + J2 Wi(x)d n ~ l = ]J(d - hi${x)) (2.3) 
1=1 i=\ 

where Cti and hi = U>\ — Ct\ — ... — OH— l arc corrcspondently positive roots of the 
Lie algebra G and fundamental weights of the 77-dimcnsional vector representation of 
G L(n) ,S L(n) . If wc consider 71-order linear differential equation 



Lxjj = 0, (2.4) 

then the elements of Bloch's wave basis {*i(x);i = 1,. . .,77,} of (2.4) is the com- 
ponents of the vector ^ associated with the vector 77-dimcnsional representation of 

WGL{n){WSL{n)) [6]: 

= II -^s(Ai - A s ) _1 cxp(a7i^(a;)) i . . . j> d-q^ 

s=\ Jx(a) Jrn-2((T) 



exp(-ai(j)(r]i))...exp(-di-i(f)(r]i-i)) . (2.5) 

Functions ^i(x) satisfy the periodicity condition "J/i (tTo + 2n) — \i^i(ao) with 
Aj = Cxp(pTlj) and choise of the initial point x((Jq) is unimportant. 

In the case of GL(n) group vectors hi constitute the orthonormal basis in the 71- 
dimensional vector space: < hi 7 hj >— Sij, (f>(z)hi = <fii(z). 

Let us remind the pscudodiffcrcntial operator definition: 

[&,&]= 0, [d\ a(x)] = J2 ^~ 1 )---(i-P+ 1 ) a ( P ) {x)d i- Pj iJeZ (26) 

P =i p - 

Given a pseudodiffercntial operator P — ^ Pid 1 we define its non-commutative residius 
and Adler's trace ([14]) as: 

Taking into account eqs.(2.2) and (2.3) it is not difficult to show that the Poisson bracket 
of the hamiltonian 

H = Tr(YL) = J2f ^at(x)W n -i(x), 

i=0 J 

n-1 

i=0 
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with \l/s (i.e. W^-algebra action on ^I/s) is given by 

5 H * j = {lY,* j } = -(YL) + * j . (2.7) 

As usual, (yi)_j_ stands for the differential part of the pseudodifferential operator which 
is polynomial in d (including free term). Really, it is enough to prove(2.7) for = 
exp(0i) and the transformation properties of other fields will be the same. Denoting 

L(d — </4) _1 = (d — <j>' n )...(d — <j>' 2 ) (2.8) 

and using that 

(0 - (fW 1 = exp^d" 1 exp(-0 1 ) (2.9) 

one can immeadetely obtain: 

S H (exp faXz) = j> ^-.{res[Y(OL(Q}, exp </> n (z)} = 

= - / ^res[Y(C)L(C)(d ~ ^(C))"^(C - *)] exp(<M*))} = 

^re S [F(C)£(C) exp^COja- 1 exp(-<MC))<KC - *)] exp^z))} = 
= -re S [r(z)L(z)exp(0 1 (z))9 z - 1 ] = exp^j (*)) .Q.£.£>. 

(2.10) 

3. QUANTUM CASE 

3.1 Basic Definitions. ([6]). 

In the quantum case we shall assume that all operators arc defined on {C \ 0}. Let 
T be the notation of the operator product T: 

T(A(QB(z))= {singular terms } + : A(z)B(z) : . (3.1) 

As is well-known, singular terms under Z — v £ determine commutation relation for 
generators of the fields [4]. The Poisson brackets (2.2) for the Darboux's variables 
(j) a (a — 1, . . . , Tl) (2.1) correspond to the operator product of the free fields: 

W(C)/(z)) = ^ log(C -z) + 0(( - z), (3.2) 

or, equivalently: 

[a b m ,at} = y m+l , Q 6 bc , \p a ,q b ] = ^S a ' b 

\p a ,a b J = [q a ,a b m }=0. (3.3) 

We can consider k as the deformation parameter. Then M^-currents are defined via 
quantum Miura transformation [5] : 

n 

(a d) n +J2w i (z)( ao d) n - 1 = : ]J(a d - hi$'{z)) :, (3.4) 
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where arj is some constant. It was proved in ref.[5] that quantum operators in the 
left hand side of (3.4) form the associative quadratic algebra. Demanding that vertex 
operators exp(c?i</>) has conformal dimension A = 1 in the SX(n)-theory yields [4]: 

a = 1 - -. (3.5) 

Now, let us consider the n-dimcnsional completely degenerated highest weight repre- 
sentation of W algebra determined by highest weight operator 

F(wi||2;) =: exp(aJi</>) : 

The representation space is covered by the following n linearly independent operators : 

... : exp(-di-i(j)(r]i-i)) :: exp(wi0(z))] : . 

The integration contours in this formula arc choosen in accordance with the standard 
Felder's prescription (surrounding all singular points [22]). 

3.2 W-algebra action. 

Let us define the action of VF-currents on local fields of the theory as [4]: 

6 HY S = ki ^Va^^ffi^S), (3.7) 
Jc 2m ^ 

where Hamiltonian Hy has the form: 



r dz ™ 

H Y = j c — Y,*n-i{z)W l {z)=Tr{YL) 



Y = J2d- l - 1 a l , 

8=0 

and integration contour C surrounds all singular points of integrand. The action of 
nilpotent part of quantum group U q (gl(n)) (U q (sl(n))) represented by screening factor 
has to be commutative with the action of W-algebra (this property can be considered as 
the definition of W algebra [11,12]). Indeed, it was proved in rcf. [5] that 

T(Wi(z) exp(-a^(C)) - ^(z, Q + o(l) , 

where Xj_ is some local operator. Therefore we can afford to ignore screening operators 
which do not change the transformation properties of the fields. In this section we will 
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consider only the highest weight operator which for WGL has the form .Fi (cJi || z) = 
Fi(z) =: exp(0i(z)) :. But all formulae will be valid for any invariant operator Fi 

In analogy with classical case we will first evaluate the W^-algebra action on the 
operator F\. Using quantum Miura transformation, one can express Wi as normal 
ordered differential polynomials in terms of the fre fields (f> a and then perform Vick's 
pairing with F\(z) (only one in GL(n) case). Plugging (3.4) into (3.7) after some 
simple manipulations one finds: 



5 H F 1 (z) =k<f ^a^iiOTiWiiOF^z)) 

1 2m (3.8) 



where the notation 



=:exp(^-^)(yZ) + exp(^): , 
a a 



I = (a d) n + ]T Wfiaodf- 1 =: l[(a d - #) : 



is introduced. Note that expressions like exp(0i(l — ^))(W^)^ (a <9) P exp(^j-) 
are rather formal. We need to provide all differrentiations and then turn to the form 
: Pol(d>)F\ :, where symbol Pol stands for some differential polinomial in (j>. For ex- 
ample, term exp(0i(l — -^))(aod) 2 exp(^p-) has to be understood as [(aod 2 (f>i + 
(<90l) 2 )-Fl] and so on. It is significant that the notation ": :" in (3.8) implies the 
ordering of (/(-fields only. However this is not yet the whole story . To provide the 
ordering of W^-ficlds we must to change polynomials of <p's in (3.8) (which formally 
correspond to W^-currents) by the first non-vanishing terms of its operator product 
with F\ —: exp((/>i) :. Let us denote coefficient under W( q ^^d p in the formula 
(2.7) as C q ' p . Clearly, that C q ,p after such corrections will change on some value 
SCg'P . The difficulty in determination of these quantum corrections is that non- vanishing 
terms in T((Wq^)^ Fi^) include formal differential polynomials in the (f> of the form 
(Wq^V-^dP, (W/)W<9P-\ (Wq-i^dP, .... The laters need to be or- 
dered too and so on. 

3.3 Examples. 

To llustrate the general procedure of ordering, let us now consider examples of W2, 
W3 and W4 -currents action on F\. At first we express Wi, W2, W3 -currents through 
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(3.9) 



the free fields using quantum Miura transformation: 
n 

Wi = -5>i , 

n n 

i<j i 

n n 

W* = -Y1 ^: + £[(n-j)ao^+ 

i<j<k i<j 

t(n-»-l)^-p ^ , 

From this representation one can immideately find transformation of highest weight 
operator under the action of W 2 -current: 

n 1 

T(W 2 (OF 1 (z)) = Y^[^^m)-d 2 (] ^ 7) a (n-i)} , (3.10) 

Sh^ = k f ^-.a n - 2 (C)T(W 2 (() : exp(0i(*)) := 

= - : [a (l - n)a;_ 2 + a„_ 2 (Wi + : . 

We have no need for additional ordering procedure because the expression : W\F\ '. 
coinsides with : W-^ F\ : . First non-trivial example in which the ordering problem arises 
is the W3-current action. As mentioned above, the normal ordering after Vick's pairing 
implies the ordering of the free fields only. While W^-current which appeared in the 
expansion have to be ordered under the scheme: 

d( T(W 2 (C)F 1 (z)) 



(3.11) 



:W$(z)F 1 (z) j- 



2wi (( - z) 

It follows from the operator expansion (3.10) that: 

By definition, the action of W3 current on the reguralized exponent has the form: 

5 H3 [Fi{z)\ = kj ^-a n ^(()T(W 3 (C) : exp(M*)) ■ > (3-13a) 

where T-product of W3 with F\ after Vick's pairing and expansion under the powers of 
— z) is given by: 

nWsiOF^z)) =: I[-^J_^(„ - 2)(n - W + 

(n - 2)a„(Wi(*) + + 77^r[-(W^W- 



_ 1 ^ (z) _ ^» (z)) _ wi - + <Ai 2 (*))+ 

+ ((n - 2)a - ^Wl^l-FU^) : +{rcgular terms } . 

k 



(3.13b) 
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Now substituting eqs.(3.12),(3.14) into (3.13b) we obtain after the contour integration: 

== h {U 2) i n ~ l) ^a'U(z) + (n - 2)^-3(^1^) + d,]+ 

(3.14) 



a n - 3 (z)[-W 2 (z) - W x {z)d z - d 2 z + ((n - 2)a - j^W? (*)]*!(*) : . 



Analogous but slightly tedious computation for WVcurrent yields: 

ShAF^z)} = ^^ a „_ 4 (C)T(^ 4 (C) : exp^z)) :) = 

(n-3)(n-2)(rc- 1) 3 „, (n - 3)(n - 2) 2 

= • ( g "0 a„- 4 2 a n-4l(^lW + C) 

+ (n - 3)a a;- 3 [W r 2 + Wtf + 2 - ((n - 2)a - 

- a n - 4 [W 3 + W 2 d + VM 2 + 9 3 - ((n - 3)a - ^)W^ - ((n - 3)a - ^)Wi'0+ 
i(((n - 3)c - !)((„ - 2)a - 1) + \]W?)]Fi(z) : , 



(3.15) 



where formulae for the following normal ordering expressions are used: 

d( r(^ 2 '(Q : expQMz)) : = 
2ni (C - z) 

4>?)]Fi: , 

d( T(W 2 (Q :0i(*)exp(0i(z)) 



: W 3 (z)Fi(z) := / 



27Ti (C - 2) 

0i + + 20101 + W 
d( T(W 3 (Q :exp(&(*)) : 



=: - ^«0i' + < + 2^' + <)]Fi(z) 



(3.16) 



2m (C - z) 



=■ (wt-l(w^-±(w{' + <p'{')+ 

+ { Jn-2)a + l_ )w „ + + Wi(f> „ + 

+ 20'i<A'i' + (^tia o 0'i")^W: • 

One can see, for example, that quantum correction 0G1' depends not only from the 
ordering of W^F^, W'\F\ and W% F\ terms appeared after Vick's pairing but also 
from the ordering of VF' 2 -current in the eq.(3.15c). It is clear that for large n direct 
procedure of finding SC^' P becomes more involved. 

To find quantum L-opcrator one can determine quantum corrections to the expres- 
sions of the form ~W\^ F^ n ^ . Explicit calculations implies that for small n the sum 
of corrections to the expression : [(a d) n + £ Wf(z)(a a d) n ^}F 1 : has the form 
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' X/p+<j+i=ri i>0 SCq P d l W q F^ :, where 5C^ P have precisely the same value as 
before. Let us give exact formulae for small n: 

n = 2 : [W 2 + W X B + \w[ + d 2 ]]F x := 0, 

n = 3 : [W 3 + ^W' 2 + ^W{' + (W 2 + ^W[)d+ 

+ W 1 d 2 + d 3 ]F 1 :=0, 

1 1 1 (3-17) 

n = 4:lW 4 + -Wi + -W>> + -Wl"+ 

+ (w 3 + 2 -w' 2 + ^w{')d+ 

+ (W 2 + '^W[)d 2 + d 3 ]F! :=0. 

Here we replace expressions for : W 3 Fi :, : W 2 F\ :, : W 2 F\ : and : W 2 F[ : using 
eqs.(3.12) and (3.16). Unfortunately, formulae for : W4F1 :, : W 3 Fi :, : W 3 Fi : etc. 
in the terms of free fields are too cambersome to be represented here. 

4. QUANTUM DEFORMATION OF OPERATORS. 
4.1 Right derivations. 

Let us now introduce the convinient notation of the right derivation d and define the 
deformation of the classical operators Y and L preserving Adler's trace of the product 

(YL). 

f(x)B = f'(x) + Bf(x), (4.1) 

where right derivations commutes with ordinary ones [3, 3} = [3, d- 1 } = 0. Define 
integral simbol B^ 1 as: 

B^B = BB- 1 = 1, [B-\B} = [B- 1 ^- 1 ] = o, 
[/(»),*] = ^ ^ -1) - ■^- p+1) 3 i -^\x), ijez. 



(d + |r< = 3-\\ + = b-< - Ld- 1 -^ + 1 \^b- i - 2 b 2 + 



(4.2) 



Right Adler's trace of the pseudodifferential simbol P = ^2i3 l fiix) like an ordinary 
one is given by 

resP = res^^B 1 fi(x) = 

So we have two copies of derivatives. Such as left and right symbols commutes to 
one another, there are no additional difficulties with definition of Adler's trace for bi- 
pseudodifferential operators of the form . 3 l fij(x)3- ) : 



res[Y,d i f i Ax)3 i ] = Y^9 i k-i{x) 
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and 

res[Y,d i f i , j (x)d j ] = J2f-iAx)d j ■ 
4.2 Deformed Y and L operators. 

In this section we propose some deformation of Y and L operators. Our consideration 
is based on the simple 

Lemma. Quantum Miura transformation can be rewriting as the equality of two 
bi-diffcrential operators 

L = (d+ ] -r+J2w t (z)(d+ 1 -T-*= : ]l(d+--Mz))--- (4-3) 

Proof. W-currents expressed from this formula via free bosonic fields coincide with an 
ordinary ones due to the following property of derivations: 

(d + l)f{x) = (1 - + f(x)(d + |) Q.E.D. 

It would be reasonable to suggest that L operator can be constructed from L. Let us 
introduce quantum L-operator L as 

L= \{L) =res[B- 1 L] 

= d n + w^ 1 - 1 + [w 2 + ^^w 1 ')d n - 2 + (4 4) 

+ [w 3 + ^w 2 > + {n - 2 ^- l) Wl "w^ + ... . 

For for n — 2, 3, 4 one can recognize in this formula eqs.(3.17). We will show further 
that eq.(4.4) is the proper expression for the quantum L-operator in case of an arbitrary 
natural n. 

We define quantum deformation for the pscudodiffcrential symbol Y as dual to the 
L with respect to the bilinear form given by Adler's trace: 

Y = reslYd- 1 } = res V[(<9 + ^-'-^d" 1 ] 

k (4.5) 

-[d ai + — k — d a i + 2 fc 2 1 ' 

It is easy to prove from the properties of bi-pscudodiffercntial operators the following 
uscfull 

Lemma. 

(i) 

res(YL) = res(YL) . 
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(ii) Hamiltonian H is given by 



r rlz n 

H = Tr{YL)=Tr{{YL))=kj c — Y j a n - l {z)W l (z) . (4.6) 

(iii) 

(YL) = res[Yd^ 1 L] . (4.7) 



5. QUANTUM FORMULAE. 
5.1 Quantum L operator. 

At first we will prove that quantum analogue of the L-opcrator is given by L: 

Proposition. 

: [LF a ] :=0 s = l,...,n . (5.1) 

Proof. It is convinient for us to extract derivations in L: 
L = Y^res[Ld- l - 1 ]d l . 

i 

Now using this formula and the definition of the normal ordering one can easily obtain: 
: LF s (z) --.Y.resiLd-^F^iz)) := 

i 

= : D/ 2n l (C-z) rEs[resiB " L t - 8 " L t& + \ B < 

dl{^-)d-*- l )]FP{z) :=: [L*F„(z)] : - 
IC - z) 

Let us introduce the following shorthand notation 

^ n— 1 

-res^" 1 ^ + -5 - 0;)- 1 ] = - V resIQ^'], (5.2) 

where stands for right pseudodifferential operator Qj — y\ (9*(7ij and are some 
differential polynomials in terms of the </>'s. 
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After the differentiation procedure we obtain taking the rcsidus: 

: [LF s (z)} := 

=: [L*F.{z)\ : • :£[/ ^^ K^^ ^ : = 



ijlp 

■ [ sljJ - ■ ^ k{i+ 3 -i + \) [ ■> {j-i)\i\{i-i)r a [) - • 

It is rather simple calculation to show that sum in the second term reduces to 

[-^(Qjddi/VeMtpi)} • 
j 

fn the other hand, from the structure of the first term we find 

: resld^L^F, = reald^id + yd - (f>')...(d + -5- <&) 

k k 

(d+±d-<h)]F a :=:res[d- 1 L*(d+^B-cl )1 )- 1 ^d}F s := (5.3) 

= :J2(Qjddi/k)F s : . 

3 

Finally we get 

:/./:-: • 

Q.E.D. 

5.2 W-algebra action. Proof. 

Now turn our attention to the finding of the W algebra action. Following the scheme 
above we will prove that there exist simple quantum deformation of formulae (2.7). 

Proposition. 

S H F = - : [(YL) + F S ] : s = l,...,n , (5.4) 

where Y and L arc given by eqs. (4.4) and (4.5). 

Proof. Explicit calcucation shows that eqs. (3. 11), (3. 14), (3. 15) can be recast in such a 
form. To prove this in general case let us represent both expressions in (5.4) through 
the free fields and show that they are identical. 

Unique Vick's pairing (due to eq.(3.2)) of H and F s can be found as for the classical 
case : 

S H (F s (z)) = kT(Tr[YL]F s (z)) = 
= fcT(Tr[res(ya _1 Z)]F s (^)))) = 

= _ : ( / ^realreafXcd^L^dc + \d c J—)] F ,{z)) := ( 5 ' 5 ) 

= - : res[res{Y{z)d- 1 Li (d z + \d z - ^(z))- 1 )]^) : . 
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This is exactly the same equation as (3.8). Let us denote for the sake of simplicity 

[Yd- 1 L(d+ld-ct>' i r 1 }=J2 P j9 j > (5-6) 

3 

where symbol Pj stands for some right differential operator Pj — y\ d l fij with dif- 
ferential polinomial of (j) as coefficients. Now one can rewrite the formula (5.5) as: 

6 H (F s (z)) = - : Y^reslresiP^F^z) := 

(5-7) 

= - : res[P-i)]Fs(z) : . 

Consider the expression : [—(YL)^F S ] :. At first let us note that 

(YL)+ = ^{YL) t d l = ^res{YLd- l - 1 )d l . 

Try to find now the operator product T([(Y L) +},(() (z)). Of course, after Vick's 
pairing and expansion under the powers of — z) in the point Z we don't obtain 
quantum corrections. However the special structure of (YL)+ = res(Yd~ l L) + 
make it possible to apply some trick and find the proper expression. 

res[. Y Z 8^L Z ) + F s (z) :] ~ ]T re8[T[(X c B^l c ) + ]iF^(z)] = 

i 

= J2T{re S [res(Y c d^L c d^- 1 )}F^(z)} = 

i 

= : (Y z Lf) + F s (z) : - : ^res[res(Y*d^Lf (d ( + ±0 C ^^(C) 



(5i 



Let us consider the first term in this formula: 

: {YL+)+F a ) :=: [rea^Ydr^L])^ := 

=: {res[Y8- 1 L'l>{d + ±8 - ^{d +±5- <t>[)])+F a := 

=:^re S [P^(a+^-^)] + F 5 := 

j>° (5.9) 



k 

j>0 j>0 

+ P-i - Pj&tiWa ■■=■■ res[\ Yl P i Bd3 + P -A F > : ■ 

j>0 j>0 

Direct calculation shows that quantum corrections in the formulae (5.8) cancel sum in 
the expression (5.9) and the remainder term : resP-\F s : gives formula (5.7). Indeed 
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let us turn to the second term in (5.8). After the changing (5.6) and differentiation one 
can immediately obtain that singular terms in (5.8) can be represented as: 



lrMre S (PA()dl(dlj^ ) )d^- 1 )}ClFt q) (z) = 



iq 



(5.10) 



ijql 

We have need for one more 



Lemma. Expression (5.10) gives proper formulae for quantum corrections if the ex- 
pansion of resf-Pj] in terms of (£ — z) has the form: 



Proof. From (5.6) one can recognize that if right derivations act on the coefficients 
Cli(C) in Y then right residues becomes zero such as under the definition there are no 
right integral symbols in Y and Z((9 + j;d — <t>\)~ Therefore, functions ttj(C) do not 
take part in the ordering in accordance with the procedure represented in the section 3. 
Q.E.D. 

Now we are capable to complete computation of the quantum corrections: 



: res{Y z d- l Li) + F s {z) 



=: (YL+) + F„) : - : \ £ res[CfC^ ^ P j{z )B l W j^L^F^ 
jql 

=:(YL^) + F s ):-:^res[^F^}: . 

3 

Taking into account eq.(5.9) one can see that the following equality is obeyed 

- : res[(F9- 1 Z) + F] := - : res[P_i)]F s (z) : . 
These together with (5.7) prove (5.4) i.e. 

5 H F S = - : res[(ya- 1 Z) + F s ] := - : (YL)+F S : Q.E.D. . 



5. CONCLUSION. 

Thus we have used right derivation technik to prove that the vertex operators F s 
(s = 1, n) (3.6) are transformed under the W algebra action as 

S H F S = - : {(YL) + F S ] : . 
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Another rigorous result is that these operators must to satisfy the " null- vector equation" : 



:/./:-: » • 

We have seen above that provided choose a suitable deformation of the (pscudo)differen- 
tial operators these formulae and quantum Miura transformation (3.16) for W-algcbras 
have precisely the same form as classical ones. It is worth noting that our deformation 
is independent of the n. 

It will be very important to develop these results for the W^-algebras associated to 
SL(n) group. Another vital problem is the finding of the quantum analogue of the 
Gel'fand-Dikii bracket in terms of pseudodiffcrcntial operators. Unfortunately, direct 
application of isomonodromic deformation method proposed in [23] gives unproper result 
becouse it is necessary to have into account some subtle problems with normal ordering 
[15]. 
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